16 [A].-Rudolph Ondrejka, The First 100 Exact Double Factorials, ms. of 12 handwritten sheets (undated) deposited in the UMT file.
If D decimals are sought, it is clear that the number of operations involved in this method is 0(D2), as is also a binomial series calculation, since the latter converges nearly geometrically. A comparison in speed between these methods would depend on the relative operation-times for subtraction and division. In the second method one would use a large solution of either of the so-called Pell equations x2 -2y2 = ±1, and then expand V2= (x/y)(l^x-2)112.
For example, on a binary machine, the evaluation of = 941664 I" 2"" V 665857 L 865948329
should be quite fast.
We might note that there is nothing in this data to give encouragement to the stated opinion of J. E. Maxfield to the effect that \/2 is probably not normal (in the decimal system). On the contrary, the apparent equidistribution mentioned above would suggest that y/2 is, at least, simply normal. Similarly, the more recent stated opinion of I. J. Good that s/2 is perhaps not normal in the base 2 has contrary evidence in [1] , since it is shown there that y/2 has apparent equidistribution not only in decimal but also in octal.
D.S. of iii + 83 pp. deposited in the UMT file.
As stated in the Foreword, the iteration xk+i = a;* (1.5 -0.5nxk) was used by the authors in the underlying electronic calculations on an HIPAC-103 system.
The numerical output, on standard computer sheets, is arranged in two sections. The first, designated Part 1, includes approximations to V2 and V3 extending to 14000D and to 15360 octal places. The cumulative frequencies of individual digits are given for successive blocks of 100 decimal digits and 128 octal digits, respectively. The frequencies in each of these blocks are separately tabulated for only the first half of the range of digits calculated. The corresponding x2 values are given to 3D for the cumulative distributions and to ID for the others.
In Part II we find similar information for the square roots of the integers 5, 6, 7, 8, and 10. Here, however, the approximations are carried to about one-half the extent of those in Part I. Specifically, the square roots of 5, 6, and 10 are given to 7000D and to 7680 octal digits, whereas those of 7 and 8 appear to 6900D and to 7552 octal digits.
The decimal approximations are conveniently displayed in groups of 10 digits, with 10 such groups in each line, and spaces between successive sets of five lines. A total of 5000D can thereby be shown on each computer sheet. The octal representations are presented in groups of eight digits, with eight groups to a line. Fifty -|l /2 lines are shown on each page, with spaces between successive sets of five lines, as before; thus, a total of 3200 octal digits are accommodated on each sheet.
In a related paper [1] the authors have presented similar statistical information concerning these square roots. While this statistical information is believed correct, the unpublished printed-out values of the roots computed at that time contained several erroneous digits because of a programming error. Discrepancies between those decimal approximations obtained for -\/2 and -\/3 and the values previously published by Uhler [2, 3] were erroneously attributed by the authors to purported errors in Uhler's calculations. The corrected values appearing in the present manuscript are believed by the authors to be free from error. In partial confirmation of this, the reviewer has found complete agreement of the value of y/2 herein with the unpublished approximation [4] of Lai, which extends to 19600D.
J. W. W. Whereas such a table is not readily available, a somewhat larger table for p < 105 was published by A. J. C. Cunningham long ago [1] .
The present table was computed in 15 minutes on an IBM 709 at Washington State University. No details are given as to how this was done. It may be of interest to survey briefly known methods that have been used for these and related problems.
Four methods of theoretical interest are reviewed by Davenport [2] . The simplest conceptually is that of Gauss. If p = Am 4-1, set A = (2m)\/2(ml)2, B = (2m) I A (mod p).
It is clear that this is quite inefficient arithmetically speaking. Related to this is
Jacobsthal's method. Let S(a) = g ("<"' -a)) »-i \ P / where the quantity summed is the Legendre symbol. Then if R is any quadratic residue, say R = 1, and JV is any nonresidue, set A = i| 5(A) |, B = i\S(N)\.
Recently Chowla [3] has given an attractive proof of Jacobsthal's method, a consequent simple proof of Gauss's method, and the relation of these Jacobsthal sums to the Riemann Hypothesis.
More practical are the other two methods. That of Legendre is based on the regular continued fraction of Ap-This would require a number of operations 0(p1/2+i), since this is the bound on the period of the continued fraction. This contrasts favorably with the Oip) operations needed for Gauss's method.
But better still is Serret's method. This is based on the finite continued fraction for p/s, where 0 < s < \p and p \ i 4-1. This fraction has only O(log p) terms. Now, if we were to compute A -1 = « (mod p) by Wilson's Theorem: s = ±[ÍP -l)/2]l we would be back to an Oip) algorithm, but we can do better. We need any nonresidue N of p. If p = 8m 4-5, then 2 will do. If not, but if p = 24m 4-17, then 3 will do. In 0(log p) attempts we can find an N. Then s = ±JV(p-1)/4 (modp).
The power shown can also be computed in O(log p) operations by expressing ip -l)/4 in binary, and then successively squaring powers of N. In all of the foregoing the expansion p = A2 4-B2 is being carried out for a single p at a time. There also exists a sieve method based upon the p-adic square roots of -1 Which can carry out such computations en masse, with the p's and their corresponding s's arising automatically [5] . Still other techniques, less interesting mathematically, but quite feasible programming-wise, have been used. These mostly involved trial-and-error subtractions, or additions combined with a sorting process of some type.
Finally, we might note, for some of the largest known p = Am 4-1, such as Brillhart's p = 2 -22 4-1, one has at once, by inspection, p = (2228)2 4-(2228 -l)2.
With a bit more effort one can deduce from the third-largest known prime of the form 4m 4-1 (which was found recently by Brillhart and Self ridge):
i(2691 -2346+ 1), the largest known complex Gaussian prime:
K3-2345 -1) 4-i(2Mb -2)i.
The two largest known primes of the form 4m 4-1 : 10" (1)10" 4-150,000; n = 8(1)15.
It, and its statistics, have been discussed earlier in this journal [1] . As indicated in [1] , the primes were computed on an IBM 1620. They are very nicely printed, in an elegant format, 500 to the page. Anyone familiar with programming would note at once the great care that must have been taken here to produce such a format. The range 1012(1)1012 4-104 was checked against Kraitchik's 335 primes in [2] , with perfect agreement. (Kraitchik's tables are seldom that accurate.) For n = 9, a successful spot check was made against Beeger's manuscript table [3] . D.S. This table presents the cyclotomic numbers of order eighteen. The derivation and computation of these formulas are described adequately in Section 4 of the authors' paper which appears elsewhere in this journal [1] .
The identities (2.2) in the paper enable one to group the 324 cyclotomic constants (h,k), 0 i= h, k ^ 17, into 64 sets. There is a formula for each set, depending on ind 2 (mod 9) and ind 3 (mod 6). Thus there are 54 cases, each with 64 formulas. The table consists of the formulas for sixteen cases; the other formulas can be derived from these formulas. Table 5 of the paper is one of the cases given in the table.
It is interesting to note that not all the formulas in a given case are different.
For example, in Table 5 , (0,3) = (0,6), (1,2) = (1,8) = (2,7) = (2,16), (1,5) = (1,17) = (2,1) = (5,1), and (1,14) = (2,4) = (4,2) = (4,5). The most commonly used method of generating pseudo-random numbers with a digital computer is the congruential method. In this method, which was introduced by D. H. Lehmer in 1951, one begins with a number xi between 0 and 1, and the next number x2 is computed as the fractional part of Nxi 4-8, where N is an integer > 1 and 0 ^ Ö < 1. Now x3 is computed as the fractional part of Nx2 4-6, etc. The congruential method has been analyzed by many authors. In Chapters 5 and 6 of Birger Jansson's book, he presents a profound study of this method. One wishes to know the serial correlation of such a sequence. If xi and 6 are rational, as they must be in digital computation, the determination of the serial correlation is a problem in number theory. Beginning with results of Dedekind, Rademacher, and Whiteman, Jansson obtains a practical algorithm for computing the correlation, and he presents extensive tables of exact values of the correlation. This achievement alone will make Jansson's book an indispensable reference in the continuing study of deterministic methods by which we seek to simulate random processes.
The book contains many other topics. There is a survey of statistical tests which have been applied to pseudo-random numbers. There is a collection of special algorithms for computing pseudo-random numbers belonging to distributions other than the uniform distribution. And there is a brief review of the existing theory of what we should mean when we call a perfectly well-determined sequence "random."
There is little mention of the algebraic theories of random numbers. There is a reference to Zierler's work, but there is no mention of the beautiful and important work of Golomb, Tausworthe, and others on the P-N sequences which are used in digital tele-communications. The application of the theory of Galois fields to finite pseudo-random binary sequences has received too little attention by analysts. This theory is particularly challenging because it involves concepts of randomness different from those used in analytical studies.
In summary, Jansson's book is excellent. It is the newest and the most complete guide to the analytical theory of pseudo-random numbers.
Joel N. Franklin These tables give to 8D (with a purported maximum error of 5 units in the final decimal places) the elements of those matrices of irreducible unitary representations of the symmetric group on N letters (which are the associates of the representations corresponding to two-element partitions [(N/2) 4-S, (N/2) -S] of N). These tabulated elements correspond to the elements (pN), for p = 1 (l)N -1, of the transposition class of Sx , for N = 2(1)9. The dimension of such a representation is the quotient of (2S + l)(Nl) by [(N/2) + S + l]![(2V/2) -S]l. WhenA/ is as large as 9 this number can be quite large; for example, the dimension of the representation corresponding to N = 9, S = f is 48, so that the correspondingmatrices involve 2304 elements. Since the square of a transposition is the identity permutation, the matrices corresponding to a transposition are symmetric, and it seems uselessly lavish to ignore this fact in printing the tables.
The underlying calculations were performed on an IBM 1620 in the Statistical Laboratory and Computing Center at the University of Oregon and on an IBM 709 in the Pacific Northwest Research Computer Laboratory at the University of Washington.
Following an introductory description of the theory of molecular structure using representation matrices and a discussion of the construction of such matrices, the author appends a list of errata in the smaller tables of Yamanouchi [1] , Inui & Yanagawa [2] , and Hamermesh [3] . Also included is a list of 11 references.
A brief description of these tables has been published by the author The integral E(am(u), k) as here tabulated is a by-product of a concurrent calculation of the Jacobi zeta function, defined by the relation
where K(k) and E(k) are the complete elliptic integrals of the first and second kinds, respectively. The integral K(k) and the ratio E(k)/K(k) are also given to lODforfc2 = 0(0.01)0.99.
These tables were calculated on an IBM 7094 computer system, using a subroutine based on the descending Landen transformation (also known as the Gauss transformation ).
In addition to this information concerning the calculation of the tables, the authors include the definitions of the tabulated functions and a summary of their various properties.
This set of tables of the Jacobi elliptic functions is the most extensive compiled to date. A relatively inaccessible table prepared by the staff of the Project for Computation of Mathematical Tables [1] gave sn u, cnu,dnu to 15D for fc2 = 0 (0.01 ) 1, u/K = 0.01, 0.1(0.1)1. The well-known tables of Milne-Thomson [2] give only 5D values of these functions, over a much more restricted set of values of the arguments than the tables under review. It may also be noted here that the 12D tables of Spenceley & Spenceley [3] , on the other hand, are arranged with the modular angle and the ratio u/K as parameters.
J.W.W. where we follow the authors in using ß, rather than the more usual a, for the first (or numerator) parameter. Much of the introductory text relates to the case in which 7 is any positive integer fc, but the tables relate entirely to the case y = k = 2, to which we shall confine ourselves. Here Fra(/3, 2, z) is what is usually denoted by iFAß; 2; z), F(ß, 2, z), M(ß, 2, z) or $(ß, 2; z), while Ym(ß, 2, 2) is a logarithmic second solution. As the reviewer had considerable difficulty in making quite sure of its meaning, it will be well to state explicitly what Yt&(ß, 2, z) denotes.
In terms of the functional notation used by Miller [1] , The reviewer's confirmation of the above statement would have been easier if the power series for Sti(/3, x) and ^2(18, x) given by the authors on page x had not been wrong. It would follow from equations (23) and (24) that ax(ß) and bi(ß) are coefficients of ^x in the expansions of ^1 and *2 respectively, but the explicit expressions forctiOS) and bi(ß) given in equations (28) and (27) are actually coefficients of x, as may be verified from the tables. Table I ( Although the tabulated data are given to 16S (in floating-point form), they are generally not that accurate. A short table of the estimated accuracy (6 to 14S), which depends on the maximum value of the integers ra¿, is given on p. 3. For some entries the exact value of the integral, as a rational number or as a rational multiple of V2, is also given (pp. 10, 27, and 55). where
The authors include them for the sake of completeness.
A 28-page introduction contains comments on the various areas in which Q(u,v) occurs, such as statistics, probability, heat conduction, fluid dynamics, chemical and phase decomposition, and information theory. The contents of the tables and the methods used in their computation are described, followed by a discussion of interpolation procedures, accompanied by illustrative examples. Further details are given in another review of these tables (Math Reviews, v. 31, 1966, pp. 750-751, #4142). Table I Table II if v > u > 3 or from Table I if 0 ^ u ^ 3 and v > 3. Table V contains 5D values of § 0(1 -0) for 0 = 0(0.001)1, which facilitates the application of Newton's quadratic interpolation formula to Tables I and II . This reviewer has checked numerous values selected at random in Table I . No significant errors were found, although many of the values examined erred by about a unit in the final decimal place. The authors' claim that their Table I All the values in Tables III, VI , and VII were checked by the reviewer. Table   III contains two entries that are in error by a unit in the last place : at x -0.039 read 0.9621164, and at x = 9.69 read 0.1299204. This elaborate, attractively printed set of tables is accompanied by a detailed introduction of 63 pages, which constitutes a self-contained treatment of symmetric functions and their applications in statistics.
The senior author has written a preface giving some of the historical developments in combinatorial algebra and outlining the statistical uses of the tables. He also states there that all the tables were calculated anew and were checked against such similar tables as then existed.
The introduction is divided into nine parts, with the respective headings: Symmetric Functions; Moments, Cumulants and fc-Functions; Sampling Cumulants of fc-Statistics and Moments of Moments; Partitions; Quantities Based on the First n Natural Numbers; "Runs" Distributions; Randomization Distributions; Tables for the Solution of the Exponential Equations exp( -a) ■+-ka = 1, exp a -a/(I -p) = 1; and Partition Coefficients for the Inversion of Functions.
The 49 major tables in this collection are arranged according to the relevant parts of the introduction, and cross references thereto are given in the table of contents. At the end of the introduction there appears a list of 48 references; this is augmented at the end of the tables by a supplementary bibliography of 59 publications intended for those table-users who might desire to read more deeply in one or more of the areas covered by these tables.
The entries in most of the tables appear exactly as integers; however, Table 5 Potential theory is one of the more interesting branches of modern mathematics, the main reason being that it has so many useful connections with other branches of mathematics.
The application of potential theory to the theory of functions of a complex variable are well known; less well known perhaps are the connections between potential theory and modern probability theory, in particular the theory of Markov processes. In recent years much research has been done in this area and Meyer's book is an attempt to give a systematic account of the probabilistic and analytical techniques that are used in these researches. Before proceeding to discuss the book in more detail I should like to mention some of the more interesting results that have so far been obtained; the reader of this review will then be able to better appreciate the structure and contents of this book.
The first result I should like to mention is due to S. Kakutani (1944) . It may rightly be considered as the starting point for all subsequent researches in this area. Kakutani considered the following problem: Let G be a bounded two-dimensional region in the plane with boundary dG and let A be a measurable subset of dG. Let x be an interior point of G and denote by j W (t), t ^ 0) the two-dimensional Brownian motion process starting at x. Denote by rx the first passage time of the Brownian motion process through dG (note that tx is a random variable, indeed it is what probabilists call a "stopping time" ). Kakutani showed that Pr{ W (tx) ÇA) = ß(x, A), where p(x, A) denotes the harmonic measure of the set A relative to the point x and the region G. More generally, one may solve the Dirichlet problem for the region G with continuous boundary values/ in the following "probabilistic way": u(x) = E{f(W(rx))), where E denotes the expected value and u(x) is the classical solution to the Dirichlet problem. This probabilistic solution to the Dirichlet problem has been exploited by Doob who, using martingale methods, obtained new results on the boundary behavior of harmonic and superharmonic functions. Hunt, in a series of papers that appeared in the Illinois J. Math. (1957) (1958) ) put many of these results in the more general context of Markov processes and their "potential theories".
In all these researches there has been a mutually beneficial interplay between probability and potential theory and what Meyer's book does is to bring together, for the first time, the various techniques that are used in these studies. The book contains 11 chapters divided in the following way: The first three chapters are devoted to probability theory and some of the finer points of measure theory, e.g. Choquet's theory of capacities. The fourth chapter is entitled stochastic processes but as no examples of the concepts discussed are given, its value to an analyst is somewhat doubtful. The next three chapters are devoted to the theory of martingales and includes the author's proof of the existence of a Doob decomposition for continuous parameter martingales satisfying certain conditions. The author does not however discuss the applications of these techniques to Doob's "fine limit theorems". Chapters 9 and 10 discuss those topics in the theory of semigroups which are needed for an exposition of Hunt's approach to potential theory. The book ends with a chapter devoted to Choquet's representation theorem and some applications. Thus, as can be seen from the table of contents, one of the author's main purposes is to give an account of those methods of probability theory which could prove to be of great service to analysts. The reviewer feels that the author should have included for these analysts a section on the potential theory of the Brownian motion process, as this would have illustrated in a concrete and nontrivial way many of the abstract concepts he has defined. For the specialist in this field, on the other hand, this well written book, with its careful and complete discussion of new and important results, some of them due to the author himself, is highly recommended. This new edition of a standard source of statistical tables is welcomed. The review by Milton Abramowitz (this journal, Volume 9, (1955), 205-211) remains a valid assessment. We now add details to his review to reflect the changes of the new editions.
For both the second and third editions the basic changes were made in the tables, although corresponding changes have been made in the Introduction. In these editions there is an Index of the tables. The following is a list of the changed or new tables. Tables with a number followed by a lower case letter are new in the third edition.
8 Percentage points of the x -distribution.
Removal of cut-off errors in the last figure tabled.
11 Test for comparisons involving two variances which must be separately estimated. Addition of 2.5 % and 0.5 % critical levels. exceeded with probability a.
Note : Xi, x2 are the means and wx, w2 the ranges in two independent samples containing ni, n2 observations, respectively.
The range of the table is m = 2 (1 )20, w2 = «i (1 )20 for 10 %, 5 %, 2 % and 1 % points. 3D accuracy.
29b Upper percentage points of the ratio of two independent ranges, F = wi/w2. Note : iti, w2 are the ranges in two independent samples containing ni, n2 observations, respectively.
The range of the table is nx and n2 = 2(1)15 for 50%, 25%, 10%, 5%, 2.5 7c, 1 %, 0.5 % and 0.1 % points. 4S throughout. Note: «Va* is the largest in a set of fc independent ranges, wt, each derived from a sample of n observations.
The range of the table is fc = 2(1)10, 12, 15, 20; n = 2(1)10 and the accuracy is 3D. This report concludes a compilation in two parts of new tables by the authors relating to the Jacobian elliptic functions. In this second part we find a 10D table, without differences, of the ratio ©(w, fc)/©(0, fc), in the original notation of Jacobi, for fc2 = 0.01(0.01)1 and u = 0(0.01)iV, where N ranges from 1.60 to 4.00 with increasing values of fc2 in a manner too complicated for simple description. This table was calculated on an IBM 1620 system by use of Gauss's transformation, as described in the introduction. A supplementary two-page table gives 10D conversion factors (involving the theta functions of zero) that permit the calculation of the remaining three theta functions (expressed in Jacobi's earlier notation) from the present tabular data in conjunction with the values of the Jacobi elliptic functions tabulated in the first report [1] . The basic formulas are given for such calculations.
The abbreviated introduction to the present tables contains no discussion of the problem of interpolation therein nor of the precautions, if any, that were taken to insure accuracy in the printed data.
In the introductory text this reviewer detected five typographical errors in addition to three noted by the authors on an insert sheet. Furthermore, the exponent except that when a = 1, the upper limit of the argument 0 is 89°. This voluminous table is intended as a companion to the authors' manuscript 10D tables of the elliptic integrals of the first and second kinds [1] . The published 10D tables [2] of elliptic integrals by the same authors employ the modulus fc or its square rather than the modular angle as one argument. However, it is possible to compare a few of the entries in those tables with corresponding entries in the tables under review; in particular, those entries corresponding to the erroneous entries [3] in the published tables are thus found to be given correctly.
The authors have informed this reviewer that the present tables were calculated on an IBM 7094 system by means of a program adapted from that used on an IBM 1620 in preparing their previous tables of elliptic integrals.
The impressive series of 10D tables of elliptic integrals and elliptic functions by the present authors reflect the continually increasing capabilities of electric digital computer systems used in such calculations.
J.W.W. 
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The evaluation of (6 ) 
The solutions of this equation are much more complicated than either Bessel or Legendre functions, in which, in fact, series solutions of the spheroidal functions are most often expanded. The complexity arises from the fact that the spheroidal differential equation has an irregular singular point at °° and two regular ones at z = ±1, in contrast to the three regular ones of the Legendre equation and to the one regular and one irregular singularity of the Bessel equation.
The construction of tables of spheroidal wave functions involves the calculation of the eigenvalues Xm" of the differential equation, that is, those values of X for which there are solutions that are finite at 2 = ±1, and the calculation of the coefficients in expansions in terms of either Legendre or spherical Bessel functions. In the past, such calculations have been, for the most part, sporadic and in many cases not very accurate. All computations were carried out on The University of Michigan IBM 7090 computer. The program is described in some detail.
These tables should be very useful for the calculation of various acoustical problems that involve prolate spheroids. In electromagnetic theory, however, only rather simple problems can be treated by means of the functions for m = 0. for small e where qix) has a simple zero at the origin. It is also assumed that pix) is positive. By a change of variables, namely To generate the desired solution of (1 ) it is shown in [2] and in the present volume that it is sufficient to have tables for the solution of (5) y" + ty = 1.
To describe the functions tabulated, we use the standard notation of [3] and [4] . Solutions of (5) may be taken in the form (6) eoit) = i2irß)Bii-t) +x7\(-0 = -KHi(-t), A description of the Tables follows. Table 1 .
en' = dejds = R(en') + H(en') n = 0: 0 ^ s < 8, 7d; 8 ^ s S 9, 9D. n = 1: 0 ^ s ^ 6, 7d; 6 ^ s ^ 9, 7D. n = 2: 0 ^ s ^ 3, 7d; 3 ^ s ^ 7, 6D, 7 ^ s ^ 9, 5D.
Note the convention en = den/ds so that when í = is, den/dt = -i den/ds. This practice is followed throughout. Table 2. e»(0i en' (t) n = 0,1,2, 0 ^ í ^ 10, -1 = t = 0, 7D. Table 1 is new. See [9] for tables of (12-13).
The introduction describes the method of calculation, checks used, and ranges for which the tables may be linearly interpolated. This is the first part of a monumental work on theta functions and elliptic functions. It contains an incredible wealth of formulas and theorems involving the elliptic theta functions and those of Weierstrass' elliptic functions which have periods 1 and in or 1 and \ 4-in/2. Four future volumes will treat the Jacobi elliptic functions, special Weierstrass Zeta and Sigma functions, elliptic integrals and Jacobi elliptic functions in the complex domain, general Weierstrass elliptic functions and derivatives with respect to the parameter, integrals ot Theta functions and bilinear expansions. The final volume will contain numerical tables.
The present volume consists of four chapters and altogether 107 sections. Everything that can be expected to be helpful to the applied mathematician is derived briefly and stated in full detail, including approximation formulas for the parameter functions which are correct up to the fifth decimal. Partial differential equations, derivatives, values for specialized arguments and addition theorems for the Theta functions are given in great detail. Many expansions are given with a large number of numerical coefficients. The Weierstrass elliptic integrals in normal form (of the 2nd and 3rd kinds) are expressed in terms of the logarithms of the Theta functions. There are 765 numbered formulas, but many of them are groups of formulas. To the best of the knowledge of the reviewer, nothing comparable in completeness and abundance of details exists in the literature.
There is no index, but the The book is a collection of tables of the equilibrium thermodynamic properties of the products of combustion of a hydrocarbon fuel at high temperatures. The fuel must be of the type CKH2jr where K is any integer.
The tables give the enthalpy, entropy, molecular weight, specific heat ratio, and sonic velocity of the combusion products as a function of the total pressure and temperature of the gas mixture in various percentages for stoichiometric oxygen. The purpose of this book is to serve as a text for advanced undergraduates and graduate students in structural mechanics. It treats both determinant and indeterminant structures in great detail. However, the emphasis in this book is somewhat different from the one normally found in a structural mechanics text. The author is very cognizant of the impact of modern high-speed computers on this field and has written his text accordingly. Thus, while classical methods are discussed, matrix methods are emphasized as being the more useful to the practicing engineer.
In many ways this is a remarkable book. It is contemporary and every page reflects the author's familiarity with his subject. Each topic is given a consistently polished development and logic is never sacrificed to intuition. The style of the book may tend to be overly succinct and the notation may cause some difficulty to those familiar with more common notations. However, with these reservations, this is a highly recommended book. This monograph is essentially a translation of the original Rumanian edition of 1963. It presents a unified treatment, for ordinary differential equations and functional-differential equations, of those topics in stability theory and the theory of oscillations which have been at the center of interest during the past decade.
Chapter I concerns the various types of stability, including total and integral stability, that may be defined for the solutions of ordinary differential equations. The setting is that of Lyapunov's Second Method, and the stability criteria given, except for Perron's condition, are either deduced from, or stated directly in terms of appropriate Lyapunov functions. In Chapter II sufficient conditions for the absolute stability of regulator systems are derived, using both Lurie's approach and the method of Popov. Chapter III deals with the existence of periodic and al-most-periodic solutions of ordinary differential equations. It contains concise expositions of the method of averaging, the method of successive approximations, and a treatment of singular perturbations. Chapter IV, by far the longest, takes up the questions of the previous chapters in the setting of functional-differential equations. Stability theory is developed in terms of Lyapunov functionals, the stability of a regulator system with time lag is discussed by the method of Popov, criteria for the existence of periodic solutions are given, and an extension of the method of averaging is introduced in detail.
Each chapter is provided at the end with some brief notes containing references to the origin of some of the theorems and to further work The primary aim of the authors is to describe the development of network analyzers in the Soviet Union for the approximate solution of boundary-value problems in partial differential equations. To this end, the book is divided essentially into two parts.
First, representative scientific and engineering problems which lead to boundaryvalue problems are introduced, and finite-difference, integral and Monte Carlo methods for their solution are investigated. The construction of electrical circuits corresponding to the approximate expressions for the solutions of the mathematical equations are presented for numerous cases. The Dirichlet, Neumann and mixedboundary value problems are covered. The treatment is well-organized and lucid, with particular emphasis placed on the nature of errors in the solutions and on methods for improving accuracy. This should prove of great value to the engineer who seeks a practical, clearly written approach to the subject.
The second portion of the book is concerned with general-purpose and specialpurpose network analyzers. The former are applied to equations of the Laplace, Poisson and Fourier type; the latter are invoked when there are more stringent requirements, e.g., greater number of nodes, improved accuracy, greater speed of solution. There is a detailed discussion of the construction of these analyzers and of techniques for measuring the physical quantities which yield the solutions.
One subject which receives special attention is the use of a "star" configuration of resistors to represent the integral form of solution of boundary-value problems for unbounded domains. This English edition contains a supplementary chapter which reviews the research, carried out after the book appeared in the Soviet Union in 1960, on the simulation of integral methods and of more complicated boundary conditions. A few hybrid applications are also included.
The material in this second part of the book is highly specialized; much of it reviews and descriptions of tables AND BOOKS is the result of extensive analyses carried out by the authors and others. Devoted, as it is, primarily to special-purpose network analyzers, its audience is a somewhat limited one. Nonetheless, the authors are to be commended for their contributions to a complex subject, and for their constant attention to the theoretical as well as to the practical aspects of their analogues. "Primarily a text for beginning students in engineering and science on the college level," this book represents, with a few exceptions, a complete treatment of the subject matter in a clear and lucid style. After the usual introductory material, the elements of the FORTRAN language are presented in Chapters 3-9. The dialect is that of level one of the proposed American Standard for FORTRAN. The FORTRAN IV extension is discussed in Chapter 10. A presentation of the elements of the language is motivated by means of one or more coding problem(s) in each chapter. Examples of correct and incorrect coding are given throughout the text. Basic numerical problems associated with fixed precision floating point quantities and the necessary programming to avoid these difficulties are also discussed. Complete statistics are available concerned with the characteristics of the compilers for various computers (appendices A and B).
Although the overall treatment of the subject matter is good, there are a few weaknesses. Scanty material is presented on the generation and review of binary information stored peripherally, an important aspect of many large scientific problems. A discussion of the computed G0 Tß statement and EQUIVALENCE statement is left for the concluding Chapter 11. Thus, the frequent use of these statements, which occurs in everyday situations, is not reflected in the coding problems of the text. A glossary of terms is not included.
Howard Robinson Variational principles have long played two major roles in mathematical physics; one as great unifying principles through which the different equations can be expressed in elegantly simple form, and the other as remarkably useful computational tools for the accurate determination of discrete eigenvalues such as the vibration frequencies of classical systems and the bound state energies of quantum mechanical systems. In the latter role, variational principles represent a small triumph of man over nature. The fractional error in the quantity to be determined, the "output," is proportional to the square of the fractional error in the "input" information, almost giving one the eerie feeling that some law of thermodynamics is being violated; the "input" information is represented, for example, by a guess at the shape of a vibrating string. Furthermore, the sign of the "output" error is known. A number of exciting developments in the field of variational principles have taken place in the past 20 years, particularly with regard to the analysis of scattering problems. (In the quantum mechanical case, the concern is then with the continuous portion of the energy spectrum and the problem is to determine not the energy but quantities such as phase shifts which determine the scattering.) The present time is therefore appropriate for a good review of the subject. Variational Principles provides just that.
The introductory material, on the problem of expressing the equations of motion of classical mechanics in the form of variational principles, as, for example, the principle of least action, is, almost of necessity, primarily a standard treatment. The author then turns to the basic variational principle of optics, Fermat's principle of least time, and to the establishment of an analogue of Hamilton's principle which provides the quantum dynamical equations of motion in a Lagrangian form. The latter material, the work of Schwinger, is not yet standard textbook fare; the treatment is good but too terse.
The variational principle formulation of the field equations of physics is enriched by a variety of applications from electromagnetism, sound waves, etc., that should be very helpful to the student of mathematical physics. One might hope that in any later edition Moiseiwitsch will also include examples from magneto hydrodynamics, nonequilibrium thermodynamics, and other topics not often studied by graduate students of physics or mathematics. It is my impression that developments in variational principles in one field have taken unconscionably long to spread to other fields even when they were essentially immediately applicable. The rate of flow of information from one area to another can be increased by the proper selection of examples from the different areas.
Many detailed examples of the determination of discrete eigenvalues are covered, a number from atomic physics, where the "input" is a trial function. A recent development of potentially great significance, a variational principle for an arbitrary operator, or rather for matrix elements of the operator, is discussed.
The last third of the book is devoted to the use of variational principles in scattering theory. This much space is fully justified by the developments in the field, and is desirable since the author has been among the most active workers in the field.
Variational principles are established for scattering phase shifts and scattering amplitudes, and a number of examples, largely from atomic physics, are considered in sufficient detail to be highly educational. The original formulation of scattering theory provided a variational principle which was weaker than its discrete energy eigenvalue analogue; it provided a second order error but not the sign of the error and therefore did not provide a bound. (In the space of the parameters used in the trial function, there might be a saddle point rather than an absolute extremum.) More recently the full analogue of the Rayleigh-Ritz variational bound on discrete eigenvalues was developed. The treatment in the book is limited to that incident energy, zero, for which the variational bound formulation of scattering theory assumes its simplest form. Variational bounds are studied in a number of important and by no means trivial examples, including that of the zero energy scattering of electrons by hydrogen atoms.
The book concludes with a treatment of the basic work by Lippmann and Schwinger on formal time-dependent scattering theory, but, for only the second instance in the volume, the treatment is probably too terse to be really useful. In general, the treatment of material throughout the text is sufficiently thorough to enable second year graduate students of physics not only to follow but to profit considerably; with the possible exception of some of the formal material on quantum mechanics and the treatment of the Dirac equation, the same should be true for students of mathematics.
Lawrence Spruch The method of computation and the checks used are explained in detail, and the authors conclude that "the fifth figure in these tables is correct in most cases, and is significant almost always." (The italics are theirs.) The present tables are the most complete on the subject. For a description of the physical aspects of the problem to which the tables relate and previous tables, see MTAC, v. 3, 1949 In Chapter 1 the authors introduce notational conventions, terminology (canonical forms, resolved forms, equilibrated resolved forms, etc.), brief statements of existence theorems (assuming functions are differentiable), and brief comments on numerical procedures.
Chapters 2-5 cover approximately 100 pages and are devoted mainly to deriving various single-step formulas, from Euler's method, through Runge-Kutta methods, to variants on these methods, such as one due to Blaess, and the implicit RungeKutta methods. Some Runge-Kutta formulas of order 5 and 6 are given, as well as a proof that formulas of order 5 cannot be obtained with only five function evaluations.
In Chapter 6 (Adams Method and Analogues) some special multistep formulas are derived, including explicit and implicit Adams formulas, and those due to Cowell, Nystrom, and Milne.
Chapter 7 (Different Multistep Formulas) is devoted mainly to a discussion of stability, without attempting to prove any of the basic theorems due to Dahlquist, even though both authors have made interesting contributions to this area in at least one of their earlier papers. Brief mention is also made of special formulas, such as those "which appeal to higher order derivatives," and also some "of the Obrechkoff type."
Chapter 8 (Application of the Runge-Kutta Principle to the Multistep Methods) considers very briefly the idea of combining Runge-Kutta and multistep ideas into composite formulas.
Chapter 9 (Theoretical Considerations) consists mainly of remarks about the characteristic roots of linear homogeneous systems with constant coefficients, the "propagation matrix" for the variational equations, and the use of something called a "coaxial" in investigating the errors associated with various methods.
A final chapter (Practical Considerations) is concerned with a variety of topics, such as different ways of estimating local truncation errors, choosing the step-size, and changing the step-size.
Numerical results for relatively simple problems are used frequently, in almost every chapter, to illustrate the methods being discussed.
There is a bibliography of nearly 600 items, including a few for 1962. (The text from which the translation has been made was copyrighted in 1963.)
This book provides a large number of formulas for the numerical integration of ordinary differential equations. Unfortunately, despite the claim in the preface that the authors have tried to group the methods around a central idea, the result is a hodge-podge of formulas, facts, near-facts, and opinions. The treatment is sometimes incomplete, and often superficial.
The presentation is frequently rather vague or misleading. For example, when "methods of approximate solution" are first introduced on p. 11, it is stated that "These methods do not give the general integral but only a well-determined integral. These methods can furnish, instead of the exact solution which we do not know or do not wish to write down, an approximate solution in the sense of numerical calculus. We thus understand that this solution is defined in a finite interval by a procedure actually executable and that we possess certain information on the error by which it is affected." Does this help the reader to understand the nature of numerical methods?
To illustrate some of the carelessness with which this book is written, consider the way in which the method of Euler-Cauchy is introduced, after the tangent method has been described, and subsequently improved. On p. 40, it is stated that "Another manner of improving the tangent method consists of noting that, on a small arc, the slope of the chord is obviously the arithmetic mean of the slopes of the tangents at the end points."
The English is not good, and the fact that the book is a translation is frequently obvious. But the main difficulties with the presentation must have existed in the original version. The work under review covers a variety of topics in the field of ordinary differential equations, and also contains a brief supplement on first order partial differential equations. The scope and level of the material is such that, in terms of an American university curriculum, it fits a senior level or first year graduate level one semester course for mathematics majors.
In principle no prior acquaintance with the field of differential equations is required. In the first two chapters the basic ideas are introduced. The discussion of the special solvable cases is unusually careful and detailed. The chapter devoted to existence and uniqueness theorems is among the best in the book. Arzéla's theorem is proved and used to prove Peano's existence theorem. Uniqueness questions are then discussed via Osgood's uniqueness theorem. The method of successive approximations is then discussed as an application of the fixed point theorem for contracting mappings. The classical Cauchy theorem regarding analytic cases is also discussed. The same chapter covers in detail the continuous dependence of solutions on initial data and parameters.
The chapters covering linear systems are adequate. The sections devoted to the canonical form of linear systems with constant coefficients are unnecessarily cumbersome. A simple statement of the Jordan form for square matrices and its application to linear systems would have been adequate. Lyapunov's second method is introduced to discuss some stability questions. The proof of the theorem on p. 151 regarding asymptotic stability is faulty. The function V must also be assumed to have an "infinitesimal upper bound" to guarantee asymptotic stability (see Massera, Ann. of Math. 50 (1949), 118-126.)
The last chapter is devoted to a number of topological questions; limit cycles are discussed briefly. A proof of the Brouwer fixed point theorem is given and some nice applications of that theorem are provided. The supplement is devoted to those aspects of first order partial differential equations that can be discussed in terms of ordinary differential equations. A brief and good introduction to generalized solutions is provided.
As has been indicated, those topics covered in the book are done well. Unfortunately there are many other topics that are completely omitted. For example, there is no mention of classical stability theory, linear systems with periodic coefficients, perturbation theory, boundary value problems (Sturm-Liouville problems), Green's functions, and equations with singularities, especially Fuchsian singularities (Legendre polynomials, Bessel functions etc.). There are many aspects of nonlinear differential equations which have come to prominence in recent years. These are, by and large, ignored. From this reviewer's point of view these omissions are serious and will severely limit the utility of this book. Nevertheless there will be some who will find the exceptional features of this book adequate compensation for its shortcomings. This veteran textbook, originally copyrighted in 1930, is well known to numerical analysts and has been reviewed time and again. In this, the sixth edition, nothing has been added which alters the basic strengths and weaknesses of the previous editions. The alterations are in fact quite minor. They consist of a belated introduction of the trapezoidal rule for quadrature, of a slight modification of the regulafalsi method for root-finding, and of some formulas of Runge-Kutta type (due to Kooy and Uytenbogaart) for solving systems of second order differential equations. It is unfortunate that while introducing the trapezoidal rule the author did not deem it advisable to introduce the related (but more useful methods) of Romberg integration and the trapezoidal rule with end corrections. For those interested in solving problems on desk calculators this book should continue to be appealing. For those interested in solving problems using computers there are a number of books now on the market which should be preferred. An accurate and brief description of this book is given by the author, "My purpose in writing this book is to present numerical analysis as a legitimate branch of mathematics, deserving attention from mature mathematicians and students alike. In keeping with this theme the reader will find himself traveling a narrow, often deep path through five basic fields of numerical analysis: interpolation, approximation, numerical solution of ordinary and partial differential equations, and numerical solution of systems of equations. The direction and depth of the path, while largely a matter of my own taste, are constrained when feasible so as to lead to a consideration of good computing technique (large scale digital)."
Harry Hochstadt
He succeeds admirably! This book should prove to be an excellent reference work for practical numerical analysts, for advanced graduate students and for others interested in the elegant and unified presentation of tastefully selected topics.
E. I. One of the problems of writing in a rapidly developing field such as computer science is obsolescence. The problem is aggravated in this case by the recent introduction of a 'third generation' of computers by the large manufacturers.
The blurb in the Preface of this book begins "here is an advanced programming book which builds software before your very eyes. . .," but no consideration is given to compilers, multiprogramming, multiprocessing, or timesharing. The book is actually devoted to a detailed description of an assembler and a batch-type operating system for a hypothetical machine of the 7090 class.
The choice of a hypothetical machine and system rather than an existing one is questionable, and is only justifiable if it allows the author to improve the treatment in some way. Unfortunately, there is little of novelty in this book apart from what can only be described as the author's idiosyncrasies.
For example, the word 'transfer' is used for transfer of information instead of control, and 'list-processing' is used in connection with instruction loops, almost as though the author knew it was an 'in' word, but was unaware of its meaning. But when the author fails to make clear the difference between macros and subroutines, and confuses compilation with assembly-time calculation, the situation becomes more serious.
Certain parts of the book, mainly those describing the I/O control structure, could be of interest, but the reader's time would be better spent in a study of FAP and IBSYS. This is an unusual text on digital computing in that it is written for "programmed instruction." The reader is asked to read some text and questions are asked about the contents of the material covered. Depending upon the answer given the reader is directed to another page. This is fine in principle but, unfortunately, much time may be spent in flipping pages.
If this were the only fault of the book it would not be of great consequence, but actually, even the reader who correctly answers each question never really gets anywhere apart from learning that a computer is composed of a memory, a register, instructions and numbers. He is presented with material which can better be covered in a very elementary "straight" manner and he would probably be better off saving his thumb work for programming. At no point in the text is the reader introduced to programming in the more meaningful sense of the word. If it were not for the fact that this book is devoted entirely to the description of two uncommon brands of FORTRAN programming, NCE* and AFIT,f it would serve as a useful guide to learning FORTRAN. There are a great number of useful examples geared towards statistics and the questions listed in the exercises are well posed. However, the differences between these two forms of IBM 1620 FORTRAN and the commonly used FORTRAN I, II and IV are sufficiently great to keep the prospective programmer from learning these versions which would be unacceptable on the majority of the scientific computers in general use today.
Henry Mullish
